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We denote by Xr(W), r = 1, 2 ,..., the space of C-vector fields (with the 
C’ topology) on a compact, connected, boundaryless, C”, two-manifold W. 
Peixoto [3] defines certain elements of I:” o a very simple orbit structure, f 
called Morse-Smale vector fields, and proves the following theorem. 
(A) If M2 is orientable, the Morse-Smale vector fields are precisely those 
which are structurally stable. Moreover they are dense in F(W). 
This theorem is stated in [3] for W, whether orientable or not. However, 
the proof is incorrect in the case of nonorientable manifolds because on them, 
a vector field, say X, may have a nonorientable IlontriXal remwent trajectory; 
that is, a trajectory, say 0, such that: 
(B) If p E 0, then 0 - {p} has two connected components, --2 and B; 
moreover, for any segment S passing through p and transverse to X, there 
exist connected components ab C A - S and cd C B - S such that ab u S 
as well as cd u S contains a one-sided simple closed curve. 
It has been proved that none of the trajectories of an arbitrary CO-vector 
field defined on a nonorientable two-manifold of genus <3 is nonorientable, 
nontrivial recurrent [l, 21, which implies that Theorem A holds in these cases. 
Nevertheless, as we show in the example of Theorem 1, this is not the case for 
nonorientable manifolds of genus 24, for which Theorem A has not yet been 
extended. 
The fundamental lemma in the construction of our example is Lemma 2, 
which makes possible Lemma 3. After proving Lemma 2, we construct a vector 
field with the desired properties. 
LEMMA 1. There exist real numbers a, c, e satisfying: 
(1) I -c e < (5 - P)/Z, 
(2) c = (2 + c - 2e)/(e - l), 
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(3) n = (e-c)/(e- I), 
(4) e = (c - a)/@ - 1). 
Moreover under these conditions 
(5) Max(a, c> < e, 
(6) Min(n + 1, 1 + c - a, (2 + c)/2) > e. 
Proof. It is easy to see that the system of equations (l)-(4) is equivalent to 
the system 
(1’) 1 < e < (5 - 5i@)/2, 
(2’) c = -2(e - l)/(e - 2), 
(3’) a = (e(e - 2) + 2(e - l))/(e - l)(e - 2), 
(4’) e3 - 4e2 + 8e - 6 = 0. 
Let P(t) = t3 - 49 + 8t - 6? t E R. Sime P(1) = -1 and 
P((5 - 51/2)/2) > 0, we have that there exist solutions e, a, c for (l)-(4). 
Conditions (5) and (6) are proved in the following sequence of observations. 
(A) c < e. In fact; since (5 - 5’9/2 < 21/2, we have that -2e + 2 > 
-2e f e”. Therefore, c = -2(e - l)/(e - 2) < e. 
W 0 < n < c. (BY Cl), (3), (4), and (A).) 
(C) l+c--u>e.Thisisprovedasfollows.l+c-a=l+e(e--1) 
(by (4)). Since e > 1, 1 + e(e - 1) > 1 + e - I = e. 
(E) e < a f 1. In fact. the roots of tz - 52 + 5 are (5 & 5ij”)/2, and 
t” - 5t + 5 > 0 if t < (5 - 5lp)/2. In consequence, solution e satisfies 
e2 - 5e + 5 > 0. Therefore, e < (e(e - 2) + 2(e - l))/(e - 2)(e - 1) + 1 = 
a+ 1. 
(F) 2 + c > 2e. In fact, 1 + c > a + e by (C). Therefore, by (E), 
2+c>lfa+e>2e. 1 
LEMMA 2. There exist positive real numbers a, b, c, d, e satisfying 
(1) mas(a, b, c, d} < e, 
(2) min(a + b, b + c, c + d, d + a, (b + c + d)/2, b + c - a> > e, 
(3) e/(a + b -f c + d) = (e - c)/a = (e - d)/b = (0 + c + d - 2e)jc = 
(e - b)/d = (c - a)/e, 
(4) a+b+c+d=l, 
(5) a + ea + eg = e < a + b. 
Proof. Let b’ = d’ = I and a’, c’, e’ as a, c, e of Lemma 1 respectively. 
It follows immediately that (l)-(3) - ale verified. Let k = lj(n’ f b’ + c’ A d’). 
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Certainly the numbers a = ka’, b = kb’, c = kc’, d = kd’, and e = ke’ satisfy 
conditions (l)-(4). To prove (5), we observe that (by (3) and (4)), 
e = (c - a)/(a + e). This implies that a + ea + e2 = e < a + b. m 
Now, we construct a C” vector field on the torus with two cross-caps. 
Let T2 I= R2/H” and C = Z x R/E”. Let Dl and D, be open disks contained 
in T2 - C with boundary circles S, and S, , respectively. Let Sr = SJfr 
(resp. S2 = S,&) denote the quotient of S, (resp. S,) by the antipodal map 
fr (resp. fs). Certainly the manifold M = (Ta - (Dl u D2))lfi u f2 is a torus 
with two cross-caps. We observe that if the unstable manifolds of a hyperbolic 
saddle points, E Sr , of a vector field, are transversal to Sr at sr then such a vector 
field, in a small neighborhood V of sr , looks like the diagrams shown in Figs. 1 
and 2. 
FIGURE 1 FIGURE 2 
To simplify matters, we denote the points of C as points of R/Z. Let a, 6, c, 
d, e E C be as in Lemma 2. It is clear that we can construct a Cm vector field X 
with the properties (see Fig. 3): 
(i) s, and s, are hyperbolic saddle points of X, and it has no more singu- 
larities. 
(ii) C is a circle transverse to X. 
(iii) Any point of A = {a, a + 6, 1 - e, a + b + c} goes directly to a 
saddle point without intersecting the interval (0, 1) C C. 
(iv) The forward PoincarC map T: C -+ C (induced by X) is defined 
in a set containing D = (0, 1) - A, preserves orientation in (0, a) U (a f b, 
1 - e) u (1 - e, a + 6 + c), and reverses orientation in (a, a f b) U 
(a + b + c, 1). Moreover, if (x, y) is any maximal interval of D, T restricted 
to (x, y) is an isometry and T((x, y)) = (x + c, y + e). 
It will be proved that X has a nontrivial nonorientable recurrent trajectory. 
Let us consider the function f: (0, 1) --f ( a, a + e) defined by f(t) = a + te. 
We have the following 
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FIGURE 3 
EMMA 3. Let T, : f”((0, 1)) -f”“((O, I)) denote the fmuard Poimxe’ mnap 
(induced by X), n E N. Then, b’n E N : 
(ix) Tlze donzain of T, contai?zs f “(D), and T, andJn 17 T 2 f-n aw equal 
i~zf”(D). 
(ii.%) f 12+2((0, 1)) C f “((a, a + b)) n f ‘l((e - d, e)). 
(iii.n) q off if and only af the trajectory leaving q goes direct& to a snddie 
jmint zoitlzout intasecting f”((O, 1)). 
(iv.n) fn+‘(h) n f”(A) = c. 
5C’5:29;3-5 
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Proof. By Lemma 2(5), we have that f2((0, 1)) C (e - d, e) n (a, a + b). 
Therefore, ‘v’n E N, (ii.n) is true. Condition (i.0) is true by the construction of the 
vector field X. Now we prove (i.1). By Lemma 2, a + e < a + b + c < a + b + e; 
and since (u + b + e) - (a + b + c) = e - c, there is an arc of trajectory 
a + (e - c); a + b + c joining n + e .- c with a + b + c. In a similar way, 
by using Lemma 2 (items (1) and (2)), we consider the following sequence of 
N 
arcs of trajectory contained in saddle separatrices: 1, a-c - d + 2e; 1 -:e, 
e-d 
a+btc+d = 1 
l-a-d+e q btcte 
atze 
atbt-e 
a+btc 
l-e 
btc 
a+e 
ate(atbtc) = atb 
a+e(l-e) q Za-c+e 
ate(atb) = a-c-dt2e 
atea = ate-c 
- ate 
- Ze-d q ate(atb)te2 
- e = ateate 
- c-ate 2 
1 ctb-e = a+e(e-d) 
L a 
- e-d 
- 1=0 
_ btcte 
- at2e 
- atbte 
- atbtc 
+ btc 
- ate 
FIGURE 4 
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--d >------+- ---f---------3 
a + e; a f 2e, a $2e; c $ b - e, 2 - d; e - d, a -f b + e; c, a; b $- c -- es 
__-__ 
O+c+e;&+y, and b + C; 2a -T+<. Plccording to Lemma 2 (item (3)) 
we get 
(1) a + ea = a + e - c, 
a + e(a + b) = a - c - d + 2e, 
a : e(a + 0 + c) = a + b, 
a + ep = c, 
a+e(l-e)=2a-c+e. 
We observe that T((a, a + ea)) = (a + b t c, a f b + e) is disjoint of 
t u, a T e) = f((0, 1)) and that P((a, a + ea)) = (c, e) = (a + e2, e) (see (1) 
above) is contained in (a, a + e). This means that Tl and T” coincide in 
(a, a -,- en). Since a + ea - a = e - c and c = a f e3, we have that 
e = a -+ ea + ea. Therefore, Tl is an orientation preserving isometry carrying 
(a, a T en) onto (a + e2, a + ea + eB). In other words, Tl and f 0 T ;f-l 
are equal when restricted to the interval (a, a + ea). In Fig. 4, see the shaded 
“band,” which has vertical edges (a, a + ea) and Tl(a, a + en). 
In a similar way, Tl and T3 coincide in (a + en, a + e(a -t b)), and moreover, 
T; is an orientation-reversing isometry carrying (a + ea, a + e(a + b)) onto 
(e, 2e - d) = (a + ea + e”, a + e(a + b) + es); that is, TX and f o T 3i-L 
are equal in (a, a + ea) U (a + ea, a + e(a + b)). Continuing in this mannerP 
one may- easily complete the proof fo (i.1). 
Let us suppose that (i.k), k > 1, is true. Therefore we have that, module 
the Iinear change of variables fJi, T,; : S”(D) 3 and T: 03 are the same function. 
Therefore, since the domain of Tl is f(D), the domain of Tr;-i must 
be f”( f(D)) = f”+i(D), and, moreover, T,.,, must be equal to fR o T1 ,-f-76, 
Since T, =f o T t f -I, we have that T,.,, = .i7+r I T .J--A’--1: This proves 
(i.rz), V7z E N. 
By construction, (iii.O), (iii.l), (iv.O), and (iv.1) are true. By using an argument 
similar to that of case (ix), we can prove that, ‘da E N, (iii.a) and (iv.n) are true. 
%3EOREM 1. On any nonorientable manifold of gems 24, there are smooth 
rector fields with nonon’entable nontrivial recurl-ext trajectories. 
Proof. We prove only that the vector field X, which we have just constructed, 
has such trajectories. Because &>afz((O, 1)) is a one-point set, say p, 
andf”(jO: 1)) C D, (Lemma 3(ii.n)), we have that n,,~~(D) = (pj. Therefore, 
since T,( p) ~f’l(D), Vn E N, we have: (1) lim T,(p) = p. Obviously, T(p) + p; 
as a consequence, (2) T,(p) # p, Vn. E N ; in fact, if me assumed T7:( p) = p, 
for some R E N, by observing that S(p) = p = f-‘( p), we would get 
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p = f-“( T,( f”( p))) = T(p). Similarly, it can be proved that (3) lim T;r( p) = p 
and (4) T;l( p) # p, Vn E N. Since p E (a, b) n (e - d, e) (see Lemma 3(ii.?z)), 
l 
we have that z(a) u C as well as pT-l( p) U C contains a one-sided simple 
closed curve. Under these conditions, it is not difficult to see that (5) V’n E N, 
py;) U f”(C) as well as iF(T) n p(C) contains a one-sided simple closed 
curve. It follows from (l)-(4) and (5) that the trajectory passing through p 
is nonorientable nontrivial recurrent. 1 
The next proposition gives better information about the vector field X. 
LEMMA 4. X has neither saddle connections nor closed orbits. 
Proof. Given fz E N, let S, denote the union of the positive semitrajectories 
that begin at points of fVz(h). According to Lemma 3, these trajectories go directly 
to a saddle point without intersecting f “((0, 1)). W e k now that any semitrajectory 
of S,, intersects C once: at a point of h. Since f”(X) n X = o and S, C S, C S, , 
we have that any semitrajectory of S, intersects C at least twice: at a point of 
h and at a point of f”(A). Certainly by induction, it can be proved that any 
trajectory of S,, intersects C at least n times. It follows immediately that X 
has no saddle connections. On the other hand, it can be proved that if X has 
a closed orbit, it will have a saddle connection. 1 
PROPOSITION 1. Any positive (negative) semitrajectory of X, with the exception 
of tke saddle poilzts and the points which are contained in the stable (unstable) 
separatrices of the saddle points, is nonorientable dense. 
Proof. Let us suppose that there exist an interval [s, t] C C and a positive 
semitrajectory 0 such that closure (0) n [s, t] = {s, t}. Since X has only two 
saddle points there exist se , s, ,..., sI;-r E (s, t), K < 5, s = sr < s2 < ... < 
s~.~ < sk = t, such that: Given Y E (s, t), the positive trajectory leaving I goes 
to a saddle point without intersecting (s, t) if and only if P E {se , sa ,..., sic-r}. 
Let T: C - C be the forward PoincarC map. Vi E {1,2,..., k - I), there 
exist Z(i) E N such that (1) Tzti) is defined on Z;. = (si , s~+~); (2) Tr(ZJ n 
[s, t] = 0 ) I = 1, 2 ,...) Z(i) - 1; and (3) Tz(i)(ZJ n [s, t] + IZ;. In fact, this 
follows from the observations that (1) T is an isometry, (2) if TL is defined on 
Zi for some L E N and TL(Ci) n [s, t] = 0, 1 <E <L, then TLfl is also 
defined on it, and moreover Zi , T(Zi),..., TL+l(ZJ are pairwise disjoints. 
Because closure(@) n [s, t] = {s, t> and Fi)(&) n [s, t] # 0, we have that, 
Vi E (1, 2,..., R - l}, Tz(i)(&) C [s, t]. Obviously, T”(l)(&),..., Tz’JC)(&) are 
pairwise disjoints and, since T is an isometry, length(ui Tz(“)(EJ) = length 
of [s, t] which implies that closure(ui Tz(i)(2YJ) = [s, t] = Z 
Let U: ,Z + Z be the forward PoincarC map. Let Ri = {arcs of traj. iG/ 
q E Zi}, i = 1, 2, 3 ,..., k - 1. Since Ri is a flow box whose trajectories intersect 
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C finitely many times we have that the trajectories of Frontier(&), 
i = 1, 2,..., k - I, as well as those of F = Frontier(Closure(U, &)) have the 
same property. In consequence, since F is invariant, it must contain a closed 
orbit or a saddle connection. This contradiction proves that any semitrajectory 
(with the exceptions stated in this lemma) is dense. Since the positive semi- 
trajectory which starts at p = &>,fn((O, 1)) . IS nonorientable dense, we can 
extend this property to any dense positive semitrajectory. This proves the 
proposition. 
Let R+ = (0, +-cc) and ,Q = {(a’, b’, c’, n’, e’) E (R+)j/a’ + b’ f c’ + d’ = 11. 
Given B = (a’, 6’, c’, d’, e’) E Q, we can construct a P-vector field S(A4) 
on the torus with two cross-caps having properties (i)-(iv), stated above, after 
Lemma 2, to define the vector field X3 modified only by replacing (n, b, c, d, ef 
by A, h by (n’, a’ + b’, a’ + 6’ + c’), and (0, n) u (a + 6, 1 - e) u (1 - P; 
a + b + c) by (0, a’) u (a’ -1 b’, a’ + b’ + c’). 
Remark 1. Following the ideas contained in this work, we can find a 
denumerable subset (A,, A, ,..., A, ,...> of Q such that, ‘$‘n E N, X(d,) has a 
nonorientable nontrivial recurrent trajectory. 
Remark 2. If all the entries of A E Q are rational, then any trajectory of 
-‘r((a) is a closed orbit, a saddle connection, or a saddle point. This implies that 
the vector field X can be arbitrarily approximated, in the Cm-topoloCgy, by 
a Morse-Smale vector field. 
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